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���!!!(10©©©) � ε ∈ (0, 1), x0 = a, xn+1 = a + ε sin xn (n = 0, 1, 2, . . .). y²:

ξ = lim
n→+∞

xn �3, � ξ ��§ x− ε sin x = a ����.

yyy²²²: 5¿� |(sin x)′| = | cos x| ≤ 1, d¥�½n, ·�k

| sin x− sin y| ≤ |x− y|, ∀ x, y ∈ R.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2 ©)

¤±

|xn+2 − xn+1| = |ε(sin xn+1 − sin xn)| ≤ ε|xn+1 − xn|, n = 0, 1, 2, . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4 ©)

l
��

|xn+1 − xn| ≤ εn|x1 − x0|, ∀n = 0, 1, 2, . . . .

u´?ê

∞∑
n=0

(xn+1 − xn) ýéÂñ, l
 ξ = lim
n→+∞

xn �3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6 ©)

éu4íª xn+1 = a + ε sin xn ü>�4�=� ξ � x− ε sin x = a ��.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8 ©)

?�Ú, � η �´ x− ε sin x = a, = η − ε sin η = a ��, K

|ξ − η| = ε| sin ξ − sin η| ≤ ε|ξ − η|.

¤±d ε ∈ (0, 1) �� η = ξ. = x− ε sin x = a ����. y.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

2

���!!!(15 ©©©) � B =




0 10 30

0 0 2010

0 0 0


. y² X2 = B Ã), ùp X �n���

E�
.
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yyy²²²: �y{. ��§k), =�3EÝ
 A ¦� A2 = B.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2 ©)

·�5¿� B �A��� 0, �Ù�ê­ê� 3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4 ©)

� λ � A ���A��, K λ2 � B �A��. ¤± λ = 0. l
 A �A��

þ� 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6 ©)

u´ A � Jordan IO.��U�J1 =




0 0 0

0 0 0

0 0 0


, J2 =




0 1 0

0 0 0

0 0 0


 ½

J3 =




0 1 0

0 0 1

0 0 0


.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

l
 A2 � Jordan IO.�U� J1 = J2
1 = J2

2 ½ J2 = J2
3 .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(12 ©)

Ïd A2 ��Ø�u 1, � B = A2 ��� 2 gñ.

¤± X2 = B Ã). y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(15 ©)

2

nnn!!!(10 ©©©)� D ⊂ R2 ´à«�,¼ê f(x, y)´à¼ê. y²½Ä½: f(x, y)

3 D þëY.

5: ¼ê f(x, y)�à¼ê�½Â´ ∀α ∈ (0, 1)±9 (x1, y1), (x2, y2) ∈ D, ¤á

f(αx1 + (1− α)x2, αy1 + (1− α)y2) ≤ αf(x1, y1) + (1− α)f(x2, y2).

yyy²²²: (Ø¤á. ·�©üÚy²(Ø.

(i) éu δ > 0 ±9 [x0 − δ, x0 + δ] þ���à¼ê g(x), N´�y ∀x ∈
(x0 − δ, x0 + δ):

g(x0)− g(x0 − δ)

d
≤ g(x)− g(x0)

x− x0

≤ g(x0 + δ)− g(x0)

δ
.

1 2� ( � 8� )



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2 ©)

x

y

x0 − δ x0 x0 + δx x

l


∣∣∣g(x)− g(x0)

x− x0

∣∣∣ ≤
∣∣∣g(x0 + δ)− g(x0)

δ

∣∣∣+
∣∣∣g(x0)− g(x0 − δ)

δ

∣∣∣, ∀x ∈ (x0−δ, x0+δ).

dd=� g(x) 3 x0 ëY. ��/, ��m«mþ���à¼êëY.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4 ©)

(ii) � (x0, y0) ∈ D. Kk δ > 0 ¦�

Eδ ≡ [x0 − δ, x0 + δ]× [y0 − δ, y0 + δ] ⊂ D.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5 ©)

5¿��½ x ½ y �, f(x, y) ����¼êÑ´à¼ê, d (i) �(Ø,

f(x, y0), f(x, y0 + δ), f(x, y0 − δ) Ñ´ x ∈ [x0 − δ, x0 + δ] þ�ëY¼ê, l
§�

k., =�3~ê Mδ > 0 ¦�

|f(x, y0 + δ)− f(x, y0)|
δ

+
|f(x, y0)− f(x, y0 − δ)|

δ

+
|f(x0 + δ, y0)− f(x0, y0)|

δ
+
|f(x0, y0)− f(x0 − δ, y0)|

δ

≤ Mδ, ∀x ∈ [x0 − δ, x0 + δ].
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7 ©)

?�Ú, d (i) �(Ø, éu (x, y) ∈ Eδ,

|f(x, y)− f(x0, y0)|
≤ |f(x, y)− f(x, y0)|+ |f(x, y0)− f(x0, y0)|
≤

( |f(x, y0 + δ)− f(x, y0)|
δ

+
|f(x, y0)− f(x, y0 − δ)|

δ

)
|y − y0|

+
( |f(x0 + δ, y0)− f(x0, y0)|

δ
+
|f(x0, y0)− f(x0 − δ, y0)|

δ

)
|x− x0|

≤ Mδ|y − y0|+ Mδ|x− x0|.

u´ f(x, y) 3 (x0, y0) ëY. y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

2

ooo!!!(10 ©©©) � f(x) 3 [0, 1] þ Riemann �È, 3 x = 1 ��, f(1) = 0,

f ′(1) = a. y²:

lim
n→+∞

n2

∫ 1

0

xnf(x) dx = −a.

yyy²²²: P M = sup
x∈[0,1]

|f(x)| < +∞. - r(x) = f(x) − f(1) − f ′(1)(x − 1) =

f(x) − a(x − 1). Kd Peano .� Taylor Ðª�� ∀ ε > 0, ∃ δ ∈ (0, 1), ¦�

� δ < x ≤ 1 �,

|r(x)| ≤ ε(1− x).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2 ©)

·�k

∫ 1

0

xnf(x) dx =

∫ δ

0

xnf(x) dx +

∫ 1

δ

axn(x− 1) dx +

∫ 1

δ

xnr(x) dx

= R1 + R2 + R3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4 ©)

5¿�

|R1| ≤ M

∫ δ

0

xn dx = M
δn+1

n + 1
,

R2 = − a

(n + 1)(n + 2)
+ a

( δn+1

n + 1
− δn+2

n + 2

)

1 4� ( � 8� )



±9

|R3| ≤
∫ 1

δ

xn |r(x)| dx ≤ ε

∫ 1

δ

xn(1− x) dx

≤ ε

∫ 1

0

xn(1− x) dx =
ε

(n + 1)(n + 2)
,

·�k

lim
n→+∞

|n2R1| = 0,

lim
n→+∞

|n2R2 + a| = 0

±9

lim
n→+∞

|n2R3| ≤ ε.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8 ©)

¤±

lim
n→+∞

∣∣∣n2

∫ 1

0

xnf(x) dx + a
∣∣∣ ≤ ε.

dþª9 ε > 0 �?¿5=�

lim
n→+∞

n2

∫ 1

0

xnf(x) dx = −a.

y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

2

ÊÊÊ!!!(15 ©©©) ®��g­¡ Σ (�òz)L±eÊ:µA(1, 0, 0), B(1, 1, 2),

C(1,−1,−2), D(3, 0, 0), E(3, 1, 2), F (3,−2,−4), G(0, 1, 4), H(3,−1,−2), I(5, 2
√

2, 8).

¯ Σ ´=�a­¡º

)))���: ´�, A!B!C ��, D!E!F ��.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6 ©)


�kü«�g­¡þ�U�3���n:: ü�V­¡ÚV­�Ô¡.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

,�§�±w��� ABC Ú�� DEF ´²1�§�Ø´Ó�^��.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(12 ©)
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ùÒqüØ
V­�Ô¡��U(V­�Ô¡� Óx�1�ÑÉ¡§ØÓx�

1�Ñ��), ¤±��U´ü�V­¡.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(15 ©)

5: ù�­¡Ù¢´(Ø�¦Æ)�Ñ�§ª)

(x− 2)2 + y2 − z2

4
= 1.

888!!!(20 ©©©) � A � n × n ¢Ý
(�7é¡), é?� n �¢�þ α ≡
(α1, . . . , αn), αAα> ≥ 0 (ùp α> L« α �=�), ��3 n �¢�þ β, ¦

� βAβ> = 0,Ó�é?¿ n�¢�þ xÚ y,� xAy> 6= 0�k xAy>+yAx> 6= 0.

y²: é?¿ n �¢�þ v, Ñk vAβ> = 0.

yyy²²²: �?¿¢ê r, dK��

(v + rβ)A(v + rβ)> ≥ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8 ©)

=

vAv> + rvAβ> + rβAv> + r2βAβ> ≥ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(12 ©)

½=

vAv> + r
(
vAβ> + βAv>

)
+ r2βAβ> ≥ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(14 ©)

e vAβ> 6= 0, Kk vAβ> + βAv> 6= 0. Ïd��·��¢ê r ¦�

vAv> + r
(
vAβ> + βAv>

)
+ r2βAβ> < 0.

ñ. y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(20 ©)

2

ÔÔÔ!!!(10 ©©©) � f 3«m [0, 1] þRiemann �È, 0 ≤ f ≤ 1. ¦y: é?

Û ε > 0, �3��� 0, 1 �©ã(ãêk�)~�¼ê g(x), ¦� ∀ [α, β] ⊆ [0, 1],

∣∣∣
∫ β

α

(
f(x)− g(x)

)
dx

∣∣∣ < ε.

1 6� ( � 8� )



yyy²²²: �½ n > 2
ε
. ½Â Am =

[m

n
,
m

n
+

∫ m+1
n

m
n

f(t) dt
)
,

g(x) =





1, x ∈
n−1⋃
m=0

Am,

0, x 6∈
n−1⋃
m=0

Am.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5 ©)

éu 0 ≤ α < β ≤ 1, ��K�ê k ≤ ` ÷v
k

n
≤ α <

k + 1

n
,

`

n
≤ β <

` + 1

n
,

K

∣∣∣
∫ β

α

(
f(x)− g(x)

)
dx

∣∣∣

≤
∫ k+1

n

α

|f(x)− g(x)| dx +
∣∣∣
∫ `

n

k+1
n

(
f(x)− g(x)

)
dx

∣∣∣ +

∫ β

`
n

|f(x)− g(x)| dx

≤
∫ k+1

n

α

1 dx + 0 +

∫ β

`
n

1 dx

≤ 2

n
< ε.

y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

2

lll!!!(10 ©©©) ®� ϕ : (0, +∞) → (0, +∞) ´��î�üNeü�ëY¼ê, ÷

v

lim
t→0+

ϕ(t) = +∞.

e ∫ +∞

0

ϕ(t) dt =

∫ +∞

0

ϕ−1(t) dt = a < +∞,

Ù¥ ϕ−1 L« ϕ ��¼ê. ¦y:

∫ +∞

0

[ϕ(t)]2 dt +

∫ +∞

0

[ϕ−1(t)]2 dt ≥ 1

2
a

3
2 .

yyy²²²: - P =
∫ +∞

p
ϕ(t) dt, Q =

∫ +∞
q

ϕ−1(t) dt, I = a− P −Q, Ù¥ pq = a.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2 ©)

1 7� ( � 8� )



K

∫ +∞

0

(
ϕ−1(t)

)2

dt ≥
∫ q

0

(
ϕ−1(t)

)2

dt

≥ 1

q

( ∫ q

0

ϕ−1(t) dt
)2

=
1

q
(a−Q)2 =

1

q
(I + P )2,

∫ +∞

0

(
ϕ(t)

)2

dt ≥
∫ p

0

(
ϕ(t)

)2

dt

≥ 1

p

( ∫ p

0

ϕ(t) dt
)2

=
1

p
(a− P )2 =

1

p
(I + Q)2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6 ©)

Ïd,

∫ +∞

0

(
ϕ(t)

)2

dt +

∫ +∞

0

(
ϕ−1(t)

)2

dt

≥ 1

p
(I + Q)2 +

1

q
(I + P )2

≥ 2√
pq

(I + P )(I + Q) =
2√
a

(
QP + aI

)
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8 ©)

´����·�� p, q ÷v P = Q =
a− I

2
, l


∫ +∞

0

(
ϕ(t)

)2

dt +

∫ +∞

0

(
ϕ−1(t)

)2

dt

≥ 1

a

((a− I)2

4
I + aI

)
=

2√
2

(a + I)2

4
≥ 1

2
a

3
2 .

y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(10 ©)

2

1 8� ( � 8� )


